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Abstract. We establish a bijective correspondence between gauge equi- 
valence classes of dynamical twists in a finite-dimensional Hopf algebra 
H based on a finite abelian group A and equivalence classes of pairs 
(K, {V\} xe ^), where K is an H-simple left i/-comodule semisimple al- 
gebra and {V^lxgA ' s a family of irreducible representations satisfy- 
ing certain conditions. Our results generalize the results obtained by 
Etingof-Nikshych on the classification of dynamical twists in group al- 
gebras. 



1. Introduction 

The notion of dynamical twist introduced in [B], see also |BBB] . is a 
generalization of Drinfeld's notion of twist to the dynamical setting. More 
precisely, if A is a finite Abelian subgroup of the group of group-like el- 
ements of a Hopf algebra H a dynamical twist for the pair (H, A) is a 
function J : A — > H®H satisfying certain equations. If A is trivial then a 
dynamical twist is just a usual twist. In [EN2] for any dynamical twist the 
authors endowed the product H®^ Endu t ( J 4) with a nontrivial weak Hopf 
algebra structure. One of the main properties that they prove is that if H 
is quasitriangular with i?-matrix R then 1Z(\) = J -1 (A) 21 RJ{\) satisfies 
the dynamical quantum Yang-Baxter equation. See [E] for a comprehensive 
presentation of the dynamical quantum Yang-Baxter equation. 

Etingof and Nikshych |ENlj classify dynamical twists for group algebras 
of finite groups in terms of group data. In this paper we are concerned 
with the classification of dynamical twists over any finite-dimensional Hopf 
algebras. The approach of this work owns a lot to [EN1| . however there are 
some differences; the langauge of module categories is used with profit, and 
we make use of the stabilizers for Hopf algebra actions introduced by M. 
Yan and Y. Zhu lYZl. 



The paper is organized as follows. In subsection 12 . 1 1 we introduce the basic 
notation and conventions, also the main tools that will be needed further. 
We recall the definition of modules over a tensor category and some results 
from |AM] on modules over the category of representation of a Hopf algebra. 
We briefly explain the stabilizers for Hopf algebra actions and some of their 
properties. 
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In section [3] we begin with the definition of dynamical twists over a Hopf 
algebra and gauge equivalence between them. In subsection 13.11 from a 
dynamical twist over a Hopf algebra H we construct a module category over 
Rep(-ff). This module category will be important to understand dynamical 
twists. 

In subsection 13.21 following the spirit of the work [EN1] we introduce the 
definition of dynamical datum. The main new ingredient that appear is the 
Yan-Zhu stabilizer. In subsection 13 . 31 we show how to construct a dynamical 
twists from a dynamical datum in such a way that equivalence classes of 
dynamical data give the same gauge equivalence of dynamical twists. A 
converse of this result is proved in Proposition 13.181 Finally in subsection 
13.51 we prove that the constructions explained above are one the inverse of 
each other. This is our main result stated in Theorem 13. 191 

In section [3] we compute some examples. Specifically, in subsection 14.11 
we compute the dynamical twist in the case when K is the group algebra 
of the group A, and in subsection 14.21 we show a one-parameter family of 
dynamical twists for the Taft Hopf algebras. 

Acknowledgments. The author is grateful to Nicolas Andruskiewitsch for 
many remarks that improve the presentation of the paper. 

2. Preliminaries 

2.1. Notation. Throughout this paper k will denote an algebraically closed 
field of characteristic 0, and H shall denote a finite-dimensional Hopf algebra 
over k with counit e and antipode S. We shall denote by Rep(-ff) the tensor 
category of finite-dimensional left //-modules. 

If A is a finite Abelian group the group of characters of A will be denoted 
by A. For any A G A we sometimes denote by k.\ the one-dimensional 
representation afforded by A. 

Let K be a left ii-comodule algebra with coaction 5 : K — > H®K. An 
H-costable ideal of K is a two-sided ideal i of K such that 5(1) C H®I. We 
shall say that K is H-simple if there exists no non-trivial ii-costable ideal 
of if. 

We denote by h M.r the category of left ii-comodules, right If -modules 
M such that the left if -module structure M®^K — ► M is an ii-comodule 
map. If S is another left ii-comodule algebra, the category ^M.k will denote 
the category of (S, K )-bimodules M with a left ii-comodule structure such 
that both actions are morphisms of if-comodules. 

Lemma 2.1. Let P G H M K ■ Then End K (P) is a left H-comodule algebra 
via 5 : Endic(P) — > H<S>t End^(P) ; T i— ► T(-i)<8>T7o) } determined by 

(2.1) (a,T(_ij)To(p) = (a,T(p (0) ) ( _ 1) 5" 1 (p ( _ 1) ))r(p (0) ) (0) , 

T G End^(P), p G P, a G H* . Moreover P ef Mk, where S = End K (P). 



DYNAMICAL TWISTS IN HOPF ALGEBRAS 



3 



Proof. See [AM] Lemma 1.26]. 



□ 



We shall need later the following Frobenius reciprocity. 

Lemma 2.2. Let R be a subalgebra of H . For every left R-module W and 
a left H -module V there is a natural isomorphism, 



2.2. Module categories. We briefly recall the definition of module cate- 
gory and the definition introduced by Etingof-Ostrik of exact module cate- 
gories. We refer to [01], [02], [EO] . 

Let us fix C a finite tensor category. A module category over C is a 
collection (M,®,m,l) where M is an Abelian category, ® : C x M — > 
M is an exact bifunctor, associativity and unit isomorphisms mx,Y,M '■ 
(X®Y)®M -» I®(F§M), Z M : 1®M — ► M, X,Y £ C, M £ M, such that 

(2.2) m XYt z®M m x®Y,z,M = (id x ® m Y> z,M) ™x,y®z,m (a>x,Y,z®id m), 

(2.3) (id x® Im) mx,i,M = r x ®id M , 

for all X, Y,Z G C, M € A^. Sometimes we shall simply say that M is 
a module category omitting to mention (8>,m and Z whenever no confusion 
arises. 

In this paper we further assume that all module categories have finitely 
many isomorphism classes of simple objects. 

Let A4, M! be two module categories over C. A module functor between 
M. and A4' is a pair (F, c) where F : A4 — > Ml is a functor and cx,m '■ 
F(X<®M) X®F(M) are natural isomorphisms such that 

(2.4) m'x,Y,F(M) c x®y,m = (idx® cy.m) Cx,Ymi F ( m x,Y,M), 
(2-5) l' F ( M )C lt M = F(Im), 

for all X, Y € C, M € M. Two module categories M and are equivalent 
if there exists a module functor (F, c) where F is an equivalence of categories. 
The module structure over M © Ml is defined in an obvious way. A module 
category is indecomposable if it is not equivalent to the direct sum of two 
non-trivial module categories. 

A module category M is exact [EQ] if for any projective object P € C 
and any M G M the object P®M is again projective. 

We recall the definition of the internal Horn. This object is an important 
tool in the study of module categories. See for example [01] . see also [EO] . 

Let M be an exact module category over C. Let Mi, M2 € M. The func- 
tor X i — > Hom.A4 (X®Mi , M2) is representable and an object Hom fMi , M9.) 
representing this functor is called the internal Horn of Mi and M2. See 



Hom fl (W,Resgy) ~ Hom^indgVF, V). 



Proof. See, for example, [AN, Lemma 3.1]. 



□ 



[EOl 101] for details. Thus 



HornMpf<gMi,M 2 ) ~ Hom c (X, Horn (Mi, M 2 )) 
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for any X eC, Mi, M 2 G Al 

The internal Horn Hom(M, M) of an object M € .M is an algebra in C. 
The multiplication is constructed as follows. Denote by 

ev M ■ End(M)<g)M -> M 

the evaluation map obtained as the image of the identity under the isomor- 
phism 

Hom c (End(M),End(M)) ~ Hom^(End(M)<g>M, M). 
Thus the product \x : End(M)®End(M) — » End(M) is defined as the image 
of the map 

(2-6) ev M (id <g> ev M ) m End(M) ^ EDd(M)M 

under the isomorphism 

Homc(End(M)(8)End(M), End(M)) ~ Horn vi((End(M)(8)End(M))(8iM, M). 
For details we refer to [Olj - 

2.3. Yan-Zhu stabilizers. In [YZ] the authors introduce a notion of sta- 
bilizers for Hopf algebra actions generalizing the existing notion for groups. 
In |AM| these objects and a slight extension thereof, called Yan-Zhu stabi- 
lizers, were used in connection with module categories over Hopf algebras. 
We recall the definition and some of its properties. 

Let K be a finite-dimensional left if-comodule algebra an V, W two left K- 
modules. The Yan-Zhu stabilizer Stabjr(V, W) is defined as the intersection 

Stably, WO = Rom K {H*®V,H*®W)n£(H*®Rom(V,W)). 

Here the map C : H*® Hom(V, W) -> Hom(iT*<g)V, H*®W) is defined by 
C{l®T){i®v) = 7£<8>T(u), for every y,£eH*,T E Hom(F, W), vEV. 

The iT-action on H*®V is given by 

k ■ (7®w) = fe(_!) fe( ) ' w ) 

for all k E K, "f E H*, v E V. Here — r: H®H* — > il* is the action defined 
by (/t -t 7,i) = { r y,S~ 1 (h)t), for all h,t E H, 7 E H* . Also, we denote 
StabR-(V) = Stabx (V, V). The Yan-Zhu stabilizers can also be presented as 
the coinvariants of a certain Hopf module, see \AM\ Prop. 2.10]. 

Proposition 2.3. \AM\ Prop. 2.7, Prop. 2.16] The following assertions 
holds. 

1. For any left K-module V the stabilizer Stabif^) is a left H-module 
algebra. 

2. If K is H -simple then 

(2.7) dim(K) dim(Stab K (^, W)) = dim(V) dim(W) dim(il). 

3. For any X E Rep(-ff) there are natural isomorphisms 

Rom H (X, Stab K (V, W)) ~ Hom K (X(^ k V, W). 

□ 
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In general the Yan-Zhu stabilizer is not easy object to compute, however 
we have the following result. Let H C H be a Hopf subalgebra and K D 
R = K coH be a Hopf-Galois extension over H. 

Proposition 2.4. For any V, W left K -modules there is an H -module iso- 
morphism Stabft-(V, W) ~ Hom^(H, Honifj(V, W)). 

Proof. See [KM Theorem 2.23]. □ 

Let K be a ^/-simple left ii-comodule algebra with coaction given by 
5 : K — > H&i^K. The category of finite dimensional left K-modules if.M is 
an exact module category over Rep(-ff), see [AM} Prop. 1.20 (i)]. The action 
<§) : Rep(-ff) x ^.M — > K M is X®F = X® k y, where the left K-action on 
X®kV is given by 5, that is 

(2.8) k ■ (x®v) = • x<8> ■ v, 

for all k E K , x G X, v G y. The associativity and unit isomorphisms are 
canonical. 

Proposition 12.31 (3) implies that the Yan-Zhu stabilizers are the internal 
Horn's of the module category kM. As a consequence of this observation 
and [EO, Th. 3.17] we have the following result. 

Corollary 2.5. // K is H -simple and V is a left K -module, then k-M. — 
Rep(i/)g ta b K (y) as module categories over Rep(H) . 

Proof See [Al/fl Corollary 3.2]. □ 
Let us recall a result from |AM| that will be very useful later. 

Theorem 2.6. [AM^ Theorem 3.3] If M is an exact idecomposable module 
category over Rep(-ff) then M ~ k-M for some H -simple left comodule 
algebra K with K coIi = k. □ 

Let S be another if-simple left i^-comodule algebra. 

Proposition 2.7. [AM} Prop. 1.24] The module categories kM-, s.M over 
Rep (if) are equivalent if and only if there exists P € H M.s such that K ~ 
Ends(-P) as H -module algebras. Moreover the equivalence is given by F : 
K M -► 8 M, F(V) = P® S V, for all V G K M. □ 

3. Dynamical twists for Hopf algebras 

Hereafter H will denote a finite-dimensional Hopf algebra and A C G(H) 
a finite Abelian subgroup of the group of group-like elements of H. We first 
recall the definition of dynamical twist over H, see [BJ, |BBB| . [ENl] . [EN2j . 

Definition 3.1. Let J : A — > H®H be a linear map with invertible values. 
J is a dynamical twist for H if for any A G A and a G A 
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(3.1) J(A)(o®o) = (o®o)J(A), 

(3.2) ^(A®id)J(A) (^A/i^ 1 )^) = (id®A)J(A) (1®J(A)), 

(3.3) (e®id)J(A) = (id®e)J(A) = 1. 

Here, for any £ A, = -— fi(a~ 1 ) a G kA, is the minimal idempotent 

corresponding to the character ji. 

We will often use the notation: J(A) = J 1 (A)® J 2 (A) = j' 1 (A)®j 2 (A), 
J(A)- 1 = J-!(A)® J~ 2 (A), A € A 

Definition 3.2. Two dynamical twists J, J' : A — > H(&H are gauge equiv- 
alent if there exists a map t : A —> H, called the gauge equivalence, with 
invertible values such that for all a € A A € A 

(3.4) e (t(A)) = 1, 

(3.5) t(A)a = at(A), 

(3.6) J'(A) = ACt(A)- 1 ) J(A) £ (i(Aju -1 )® P^(A)) . 

For any A £ i and V a left Amodule we denote by V[A] the isotypic 
component of type A, that is 

V[X] = {v G V : a ■ v = A (a) u for all a G A}. 

In particular if X G Kep(H), then X[A] makes sense by restriction of the 
action to Ik [A]. 

Now we will define an fZ-module algebra that will be useful later. For 
any // G A define 

C(ji) = {f eH* : f(ah) = fi(a)f(h) for all a G A}. 

In another words C(/i) = ff*[A]. We shall consider the left action of H on 
C(ji) defined as follows. For t, h G H and / G C(/z), (/i • /)(*) = /(t/i). 

If J : A — > H<giH is a map that takes invertible elements and satisfies 
(I3.ip . for each A G A we will define a product in C(e) as follows. Let 
/, g G C(e) then define 

(3.7) (/ • g)(t) = f(J-H><)h W ) g{J-\\)h {2) ), 

for all h G -ff. Since J commutes with A (a) for all a G A then / • g G C(e). 
We shall denote by .Ba the space C{e) with this product. 

Lemma 3.3. If J : A — > H(&H is a dynamical twist then B\ is an H -module 
algebra. 
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Proof. We only prove the associativity of the product. Let f,g,j G B\ and 
he H then 

(/ • (9 ■ l))(h) = f(J-HX)h {1) ) (g ■ l){J~ 2 (\)h (2) ) 

= f(J-\X)h m ) g(j-HX)J-\X) {1) h {2) ) l(r 2 (X)J- 2 (X) {2) h i3) ) 
= /(i- 1 (A)J- 1 (A) (1) / l(1) )<7(j- 2 (A)J- 1 (A) (2) / l(2) )/(J- 2 (A)/ l(3) ) 
= ((f-g)-l)(h). 

The third equality by (|3.2p since I G C(e) and £(P M ) = <V,e for all /i 6 i. 

□ 

A variation of the algebra was considered in [ENlj . For usual twists 
the algebra B\ was first considered in [Movj for the classification of twists 
in group algebras. See also [AEGN] and references therein. 

Remark 3.4. There is an isomorphism of //-modules C(A _1 ) ~ (Ind^A)* 
given by £ : C^A" 1 ) -> (Indf A)*, = /(£(/»)), for all h€H. Here 

/wS>l denotes the class of h®l in //®^kA. 

3.1. Module categories coming from dynamical twists. For any dy- 
namical twist we construct a semisimple module category over Rep (-£/). The 
idea of relate dynamical twists with module categories is due to Ostrik, see 
[Ql|, section 4.4]. In loc. cit. the author interpret the classification of dy- 
namical twists over group algebras given in [ENlj as a particular case of his 
classification of module categories over group algebras. 

Let J : A — > H<g>H be a dynamical twist. Denote by the Abelian 

category of left k[A]-modules with the following module category structure. 
Define ® : Rep(H) x M {J) -» M {J \ X®V := X® k V, X,Y G Rep(fT), V G 
M.( J \ where the ^4-module structure over X<S>uV is given by the diagonal 
map. Define also m x ,Y,v ■ (X®Y)®V -> X®(Y®V) by 

(3.8) m x ,Y,v{x®y®n) = J~ l {\) ■ x®J~ 2 (\) ■ y®n, 

for any x G X, y G Y, n G V[A ]. Since J commutes with elements in A 
then mx,y,v is an k[A]-module map. 

Lemma 3.5. (MS J >, ®, m, id) is an indecomposable module category over 
Rep(H). 

Proof. Let X,Y,Z G Rep (if) , M G M (J) and x G X, y G Y, z G G 
M[A -1 ]. Then 

mx,y,z®M mx®y,z,jw(((^(8)y)(8>^)(8>n) = 

= "i-A,y,z®M(^ _1 (A) • (x(g)y)(g)J~ 2 (A) • z®n) 

= j-^A/*- 1 ) J" 1 (A) (1) • xOj-^A//- 1 ) J" 1 (A) { 2)«) J" 2 (A) • z(g>n. 
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Next, 

= (idx«)^y,z,Af)(J _1 (A) • x<g)J~ 2 (A) ■ (y®z)®n 

= J" 1 (A) • x0j- 1 (X)J- 2 (X) {1} ■ y®j-\\)J- 2 {\) {2 ) ■ z®n. 

Thus equation (13. 2f) implies (|2.2p . Equation (12. 3ft follows immediately from 
(I3.3p . The indecomposability of the module category ftA^ follows as in 
[SMI Prop. 1.18]. □ 

Lemma 3.6. If J, J are gauge equivalent dynamical twists, then ~ 
as module categories over Rep(iT) . 

Proof. Let t : A — > if be the gauge equivalence for J and J'. Define the 
module functor (F, c) : .A/f( J ) — > .A/f ( J ) as follows. For any X G Rep (If), M 6 
A^( J ), F(M) = M and c x ,m : X® k M -> X® k M is defined by 

for all x G X, m € M[A -1 ]. Since t(X) commutes with elements in A the 
map cx m is an ^4-module morphism. Equation (|2.4p follows from (|3.6p and 
equation (12. 5p follows from (|3.4p . Clearly (F, c) is an equivalence of module 
categories. □ 

The internal Horn of the module categ ory can be explicitly calcu- 

lated. This is the next result. 

Lemma 3.7. There is an isomorphism B\-i ~ Hom(k A ,k A ) as H -module 
algebras. 

Proof. First let us prove that there are natural isomorphisms 

Hom H (X,5 A -i) ~ Hom A (X<g> k k A ,Ik A ) 

for every X G Rep(If). Let 4>x ■ Homn (X , B x -i) — > Hom.A(X (g>kk\, k A ), 
and tpx '■ Hom^(X(8)klk A , k A ) — >Hom//(X, I?_ A ) be the maps defined by 

<f>x(a)(x®l) = a(x)(l), ip x (/3)(.x)(t) = (3(t ■ x®l), 

for all x G X, t G ff. 

A straightforward computation shows that </>x and V>x are we U defined 
maps one the inverse of the other. Now we must prove that the algebra 
structure on the internal Horn described in subsection 12.21 coincides with the 
algebra structure of B\-i given in (|3.7p via these isomorphisms. 

In this case is not hard to see that the evaluation map ev : i? A -i (gyk^ — > 
k A is ev(f®l) = 0s A _ 1 (id)(/(g)l) = /(l) for all / G B x -i. The product 
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fi : Bx-i®kB\-i — > B x -i according to 12.61 is 

Kf®g)(t) = V , B A _ 1 » k s A _i (ev (id®ev)m Bx _ 1 ,B^ 1 ,k x )(f®9)(t) 
= (ev (id®ev)m j B A _ l5J B A _ 1>kA )((t (1 ) • /<g>i( 2 ) ■ g)®l) 
= (ev (id(g)ev))(J" 1 (A" 1 )t (1) • /® J- 2 (A _1 )t( 2 ) ■ 
= /(J- 1 (A- 1 )t (1) ) 5 (J- 2 (A- 1 ) i{2) ), 

for all f,g£ B\-i , t £ H. □ 

3.2. Dynamical Datum. We introduce the notion of dynamical datum 
following ideas contained in [ENlJ. 

Definition 3.8. A dynamical datum for the pair (H, A) is a collection 
(K, {Va} Ag ^) where -ff is an .ff-simple left -ff-comodule algebra, semisim- 
ple as an algebra, such that K coH = k, and V\ is a collection of irreducible 
.RT-modules, such that for every A, fi £ A there are ^/-module isomorphisms 

(3.9) Stab^(F A ,y M )~C7(A^- 1 ). 

Two dynamical data (K, {V\}), (S, {W\}) are equivalent if and only if 
there exists an object P £ H Ms such that K ~ Ends(P5) as ff-comodule 
algebras, and a family of -fT-module isomorphisms 

{<j>x : P®sW x -» F A |A € 1}. 

Remark 3.9. The i?-module algebra structure on Ends(-Ps) is given in 
Lemma 12.11 

Our definition of dynamical datum is equivalent with the definition given 
in [ENlj when H = k[G] is the group algebra of a finite group G. 

Indeed if K is a k[G]-simple left comodule algebra such that K coG = k 
then K = k^[F] is the twisted group algebra of a subgroup F of G and 
ip £ Z 2 (F, k x ) is a normalized 2-cocycle. 

If (K,{V\}) is dynamical datum in our sense then Stabj^fpiCKx, V^) ~ 
C{\^ 1 ). But we know that Stabo^^Vx, V^) ~ k[G]®i? Hom(V\, V^), see 
[ATT[ Ex. 2.18]. Also, Ind^A ~ C(A) as k[G] -modules, where the iso- 
morphism is given by f3 : Ind^A — > C(A), f3(g®l)(h) = 5 g -i(P\h) for all 
g,h £ G. Altogether implies that kG®^ (V^<g>kV^*) ^ Ind^(A^ _1 ), thus 
(k^fF], {VV*}) is a dynamical datum according to the definition given in 
[ENT]. Here $(g,h) = for all g,h£F. 

Is not hard to prove also that in this case two dynamical data (k^[F}, {V x }), 
(k^{F'], {V x }) are equivalent, according our definition, if and only if there 
exists g £ G such that F' = ad g F and the corresponding representations 
are conjugated by g. This follows from the fact that k[G] is pointed and the 
quotient is a cosemisimple coalgebra. 
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Lemma 3.10. Let (K,{V\}^ ^) be a dynamical datum. Then 

1. V\ and V/j, are non-isomorphic K -modules if fj,. 

2. For all A 6 A 

(3.10) (dimy A ) 2 | A \= dim if. 

Proof. (1) Assume that A //i. Then 

Rom K (V x , ig ~ Rom H (k, Stab^(y A , V^)) ~ Hom ff (k, C(A^)) 

~Hom H (k, (Ind^(^ A -1 ))*) ~ Hom kyl (/i A" 1 , k) = 0. 

The first isomorphism is a particular case of Proposition 12,31 (3) and the 
third is Remark 13.41 

(2) By the definition of dynamical datum we have that Stabj^ (V\) — C(e). 
Thus 

„ , / t t \ dimil 
dimStab^(V A ) = -y^p 

Now equation ()3.10p follows from (j2.7|) . □ 

Remark 3.11. Observe that (|3. 10[) implies that the set {Va} AGj j is a complete 
set of representatives of isomorphism classes of irreducible representations 
of if. 

3.3. Dynamical twists constructed from a dynamical datum. Let 

(if, be a dynamical datum. We shall construct a dynamical twist 

associated to (if, {V\} X£ £). This procedure is called the exchange construc- 
tion in |ENlj . see also |EVj . 

If X E Rep(-fT) and V £ k-M., we always assume that the vector space 
X^V carries the left If -action described in 



For any pair A, /i € A choose ff-module isomorphisms 

WA , / ,:StabK(^A,^)~C(A /U - 1 ) 

such that for A = \i the identity of StabR-(V\) is mapped to e. 

For any X,fi £ A, x € X[p] denote by ^(A,x) : X*® k V\ -> the 
if -map obtained as the image of x under the (natural) isomorphisms 

X[fj] ~ Hom A (/x,Res^X) ~ Hom H (Ind^ //, X) 
(3.11) ~ Hom^(X*, (Indf M )*) ~ Hom ff (X*, C^' 1 )) 

~ Hom H (X*,Stab^(F A) 7 A „)) Kom K (X*® k V x , V Xfl ). 

The second isomorphism by Frobenius reciprocity 12.21 and the fourth is re- 
mark QTH the fifth isomorphism is defined by oo\.\^ and the last isomorphism 
comes from Proposition 12.31 (3). 
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More explicitly if / G X* , v EV\ then 

(3.12) V(\,x)(f®v) = o/^(f)(l®«) s 

where f x is the element in C(/i~ 1 ) defined by f x (h) = f(S(h) ■ x), for all 
he H. 

Lemma 3.12. Let X, Y G Rep(ff) and / : X — > Y an H-module map. If 
A, /x € yl ana 1 a; € i/ien 

(3.13) *(A,/(a;)) = *(A,x)(/*®id VA ). 

Proof. Straightforward. It follows from the naturality of the isomorphisms 
([HI]) or directly from EH □ 

For any X, Y G Rep(-ff), V G j(M we shall denote by cp X Y ■ (^®kY)* -> 
y*(gikX* the canonical isomorphism and mxyy : (X^F)®^ — ► X®]] t (Y'®]i t V) 
the canonical associativity isomorphism. 

Let Y be another .ff-module and y G ^ ([??]• The composition 

(x® k Y)*® k v x * XY ® ld . (y*0 k x*)® k y A y*® k pr® k y A ) — » 

id®tf(A,s) *(A fta ) 

> y ®kVA jU ► KX/xr; 

determines a unique element in (X®^) [/i^] , that we denote by Ixy (A)(x®y). 
That is, we have defined a map ixy (A) : X®bY — > X(g)fcy~ by 

(3.14) ^(A,/ X y(A)(x®y)) = *(A//,y) (id(g)^(A,x))my. i x*y A (0A'y®id). 

By (|3.13p the maps Ixy ar e natural, in particular, there is an element 
/(A) G H® k H such that 

(3.15) Ixy(A)(a:®y) = /(A)(s®y), 
for all A G A, x G X, y G V. 

Lemma 3.13. /(A) G H® k H is an invertible element for all A G A. 

Proof. The proof is entirely similar to the proof of |EN1} Lemma 6.2]. For 
completeness we will write it down. By the definition (|3.14p of Ixy the 
surjectivity of the map 

^xy(A) : 0i^- 1 ]%yH -> (x® k y-)H 

is equivalent to the surjectivity of the composition 

Rom K (V u , Y® k V v )® k Rom K (X*® k V x , V v ) Hom x (X*® k F A , ^®kK?) 

and this follows since X*®!^ — ©y^t^A" ]®kK,; indeed by the isomor- 
phisms (ESDI Homx(X*® k V3,, V„) ~ X[i/A _1 ], so a copy of V X^A -1 ]®^ 
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is inside of X*<S>kV\ but 

dim(0X[^A- 1 ]® k K) = ^dim(X[i/A- 1 ])dim(K) 

V V 

= ^dim(X[z/A- 1 ])dim(y A ) 

= dim(X) dim(V A ) = dim(X*® k V A ). 

Here the second equality follows from (|3,10p , that is all modules V v have the 
same dimension. 

□ 

Let us define J : A -> H® k H by J(A) = <S -1 (J -2 ( A) ) ® S~ x (A) ) . 
Proposition 3.14. J(A) is a dynamical twist for H . 

Proof. Let Rep(P), x G y G y(r?), z G and /x, rj,u,X G 

A If a G A then 

Ixy(A)(a • x<g>a • y) = ((J,rj){a)IxY{>>)(x®y) = a ■ IxvW{x®y). 
Hence I(X) and therefore J(A) commutes with a<g) a for all a € A. 

Set mi = mz* (x®Y)* ,V x i m 2 = "Vy®£)*,X*,vv ^ ne associativity implies 
that 

f(Affl^) (id z »®^(A,/ X y(A)(x®y)))mi(0x®Y,z®id) 

equals to 

*(A//,Iyz(A//)(yig>.z)) (id (y®£)*®*(A, x)) m 2 (^x,y®£<8>id)(a*ig>id), 

thus Ix®y,z(A)(/xy(A)(x®y)(g)z) = /x,y®z(A)(x®/y Z (A/t)(j/®z)). This 
implies that 

(A<g)id)/(A) (J(A)®1) = ^(id<g>A)/(A) (P„®I(A/x)). 

Using the definition of J, the fact that S(P fJi ) = P„-i and properties of the 
antipode we get that J(A) satisfies equation 13.21 Also, since we have chosen 
isomorphisms u; AjA such that maps the identity of Stabx(VA) to e then J(A) 
verifies identity (13.30 . 

□ 

We shall say that J : A — > H®H is the dynamical twist associated to the 
dynamical datum (.fT, {V\}). 

Proposition 3.15. Lei (AT, {Vx}) 6e a dynamical datum and J : A — > H®H 

the dynamical twists associated. Then 

K M ~ .M (J) 
as module categories overHep(H). 
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Proof. We know that for any A G A there are module equivalences k-M — 
Rep(i?)stab K (y A ) an d ~ Rep(H)B x - The first one is Corollary 12.51 and 

the second follows from Lemma [6 .71 and |EOl Theorem 3.17]. We shall prove 
that the if- module isomorphism w\ = w\ t \ : Stab^Vx) — > B\ is an algebra 
isomorphism. This will end the proof. 

Let A G 2, v G V x and /,j £ S A . Denote X = H/(kA)+H, thus 
X* = C(e). Then using (l3TT2|) we get 

*(A,T) (id®*(A,l))(/® 5 ®«) = ^(A,T)( 5 0^ 1 (/)(1^)) 

= ^ 1 (flf)o;j; 1 (7)(l®t;) 
= ^05) w^oSJW 

Recall that here / G denotes the map f(h) = f(S(h)), for all h £ H. On 
the other hand 

$(\J xx (\)(J®T))(f®g®v) = ^(/^W^Xl^), 

where, for all G ii 

(7 /1(A) ®5 /2(A) )W = (/^)(5(/ i )-/(A)) 

= ( 5 o 5)(J- 1 (A)/ i(1) )(/ o 5)(J- 2 (A)/ l(2) ) 

= (S"5)-(/o5)(fc). 

The product on last equality is the product in B\. Therefore 

^(g o S) u-^f o S) = ^((g o 5) • (/ o 5)), 

and this ends the proof. □ 

The construction of the dynamical twist from the dynamical datum is not 
canonical, however, in the following we shall prove that equivalent dynamical 
data defines the same gauge equivalence class of dynamical twist. First we 
need the next technical Lemma. 

Let K,S be left ii-comodule algebras and P G ^Ms- For any X G 
Rep(#), M G sM let 

9x,m ■ X® k (P® s M) -» P® s (X® k M) 

be defined by 9x,m(x®p® m) = P(o)® <5 _1 (P(-i)) • m, for any x G X, m G 
M,pEP. 

Lemma 3.16. Let X, Y G Rep(iT), M, N G s.A4, i/ten i/ie maps a? "e 
well-defined K -isomorphisms. Also if g : M — > N is an S -module map and 
f : X — > Y an H-module map we have 

(3.16) Ox® k Y,M = Gx,y® ]l m^x®Gx,m), 

(3.17) (id P &d x <S>g)Ox,M = Qx,N (idx®id p®g), 

(3.18) (idp®/®id M )fx,M = 0y,M(/®idp®id M )- 
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Proof. Straightforward. 

□ 

Proposition 3.17. If (K,{V\}) and (S,{W\}) are equivalent dynamical 
data then the associated dynamical twists are gauge equivalent. 

Proof. Let J, J' be the dynamical twists associated to (K, {V\}) and (S, {W\}) 
respectively and correspondingly the maps and 1,1' ■ Since (K,{V\}) 

and (S, {W\}) are equivalent there exists P G H Ms such that K ~ Ends(-Ps) 
as .ff-comodule algebras, and A'-module isomorphisms 4>\ : P®sW\ — ► V\. 

Let fM, A € A and X G Rep(-ff). For any x E X\p], define <7x(A)(x) the 
element obtained as the preimage of the map 

X*® k V x ldx *®^\, X *® k (P® s W x ) P® s (X*® k W x ) — 

id_p®*'(A,j;) 0a m 

► P^sW^Am ► 

under the ismorphisms 13.111 That is 

(3.19) y(\,ax{\)(x)) =4>x„{idp®y'{\,x))e x * iWx (id x *®^ x : 1 ). 

We claim that the maps cry (A) are natural isomorphisms. Indeed, if 
x E X[fj], Y E Rep (if) and / : X — > Y is an module map then 

*(A, (ay (A) o f)( x )) = *(A, ay(A)(/(x))) 

= ^ (id P ®*'(A, /(x))) ^y. lH / A (id y® ^ X ) 

= A/i (id P ®V(\,x)(f*®id Wx )) 9 Y *,Wx (idy®^ 1 ) 

= A/i (id P ®-$'{\, x))e x *,WxU*® (Px 1 ) 

= y(\,a x (\)(x))(f*®id Vx ) 

= y(\,(foa x (\))(x)). 

The third equality by (|3.13j) . the fourth by (I3.18P and the sixth again by 
(|3.13j) . Therefore there exists an invertible element cr(A) € H such that 

a x {\)(x) = cr(A) • x 

for all A G A,x G X. Set t(A) = S^c^A)" 1 ). We shall prove that t(X) is 
a gauge equivalence between J and J'. Clearly t(X) verifies (j3.4j) and (|3.5p . 
Let us prove that (pTBJ) holds. Let n £ A, Y £ Rep (if), y eY[rj] then 

*(A,cr x ® Y (A)JW(A)(x®y))) = 

= 4> Xm (id p®*'(A, l' XY {x®y))) 6( mY )*,w x (id 0a 1 ) 

= 4>\ m (id p®*'(A/u, j/)) (id p®y*®*'(A, x)) (x ®y)*,w A (id (x®Y)*® </>a 

= *(A,cry(A^)(y))(idy.®^ / (A,crx(A)(x))(id (X0 y ) ,®0A)) 

(idy*®^x*,VK A ) ^y*,w a 0{x®y)*,w x (id (x<g>y)*® ^a*) 
= (A, Jxy(A)(ct x (A)(x)® ay (AyuXy))) 
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The third equality follows from (13.170 since ^'(A, x) is an <S-module mor- 
phism and the fourth follows from (|3.16p . Thus 

IxY(X)(a x (X)(x)®a Y (Xfj,)(y)) = o- x ®Y(X)I XY (X)(x®y), 

and this implies (j3.6f) . □ 



3.4. Dynamical datum constructed from a dynamical twist. 

Let J : A — » H<£>H be a dynamical twist and consider the module category 
explained in subsection 13. II By Theorem 12.61 there exists an i?-simple 
left .ff-comodule algebra K, with K coH = k and a module equivalence 
(F, c) : -» K M. Set V\ = F(k x -i) for any A G A. 

Proposition 3.18. The pair (K, {V\}) is a dynamical datum. 
Proof. Let X G Rep(if), X,fi G A. Then 

Ho mif (X,StabK(VA,^)) - Hom K {X® k Vx,V^) ~ 
~Hom^(X® k F(k A -i),F(k M -i)) ~Hom K (F(X® k k A -i),F(k M -i)) ~ 

~ Hom^(X(8)kk A -i,k M -i) ~ Hom^Res^X, k AjU -i) ~ 

~Hom A (k M -i,Res^X*) ~ Horn^ (Indf (^A -1 ), X*) ~ 

~ Hom fl (I, (Ind^A" 1 )*) ~ Hom H (X, C^A/i- 1 )). 

The last isomorphism by Remark 13.41 Thus by Yoneda's Lemma there is an 
i7-module isomorphism Stab^Vx, V^) ~ C(Xfi^ 1 ) . □ 

The equivalence class of the dynamical data constructed from a dynam- 
ical twist as above does not depend on the gauge equivalence class of the 
dynamical twists. This is evident from Proposition 12.71 

3.5. Main result. Using the same notation as in |EN1| we shall denote by 
T and D the maps between gauge equivalence classes of dynamical twists 
and equivalence classes of dynamical data described in subsections 13.31 and 
13.41 respectively. That is, 



D 



gauge equivalence 
classes of 

dynamical twists ( t 

J :A^H®H 



equivalence 
classes of 
dynamical data 
(*> ™ Ael ) 



Theorem 3.19. The maps D and T are inverses of each other. 

Proof. First we shall prove that D o T = Id. Let (K, {V\}) be a dynamical 
data and J : A —* H®H the dynamical twist coming from the exchange 
construction according to subsection 13.31 By Proposition 13. 151 kM. ~ M.^ J \ 
Let (5, {Wa}) be a dynamical data as constructed in subsection 13.41 By 
definition s.M ~ Ai^ J \ then 5.M ~ k-M, therefore, using Proposition 12.71 
(S, {W x }) is equivalent to (K, {V x }). 
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Now, let us prove that T o D = Id. Let J\ : A — > H(g>H be a dynamical 
twist and (if, {V\}) be the dynamical data constructed as in subsection 13.41 
In particular this means that there is a module equivalence (F, c) : A4^ Jl ^ — > 
x-M such that F(k A -i) = V x for all X £ A. Let J 2 : A #®ii be the 
dynamical data associated to (if, {V\}). Let /i, J 2 : A — > H®H be the maps 
defined as 

I l {\)=S{J. 2 {\))®S{J.\\)) 1 i = l,2. 

Let \I/ 2 be the map defined form the dynamical data (K, {V\}) as in A3. 12H . 
By the exchange construction we know that 

(3.20) 

# 2 (A,I 2 (A) • (x<g>y)) = * 2 (A/z,y) (id ®^ 2 (A, x)) m y . iX *,y A (<Axy®id ), 

for all A,/x,ry <G A, X,Y G Rep(if), x G y G ^[77]. 

For any /x G A, X G Rep(#), a; G we denote by *i(A, x) : X*<g>k A -i -> 
^(/^A)- 1 the map obtained as the image of x under the composition of iso- 
morphisms 

X[/j] ~ Hom j4 (k M ,X) ~ Hom A (X*,k M -i) ~ Hom^X*®^-!,^^)-!). 
An easy computation shows that for all x G AT[/i], y G 
^i(A,/i(A) • (a;®!/)) = ^i(A/i,y)(id®^i(A,x))m y , iX% k_ A (0xy«>id), 
where fh is the associativity as in (13. 8ft . 



To prove that Ji is gauge equivalent to J 2 we will use the same idea as in 
Proposition 13.171 For any x G X\p] define the maps <Jx(A) : X — > X by 

* 2 (A, C tx(A)(x)) = F(*!(A,x)) c^i^. 

The maps o"x(A) are natural isomorphisms, hence there exists an invertible 
element <r(A) G -ff such that <7x(A)(x) = cr(A) • x. Set i(A) = 4S _1 (c7(A) _1 ). 
We will prove that t(X) defines a gauge equivalence between J\ and J 2 . Now 

* 2 (A,(7x®y(A)Ji(A) • (x®y)) = F(*i(A,/i(A) • (x<g>y))) c^^^ 

= F(*i(A|*,y))F(id®*i(A,x))F(my. lX ^ A _ 1 )<vW^ A -i 

= F(*!(Am, y))F(id ®*i(A, x)) cpl A -. (8kA _ 1 (id ®c£^ ) m Y *,x*,v x 

= F(^ 1 (A / u- 1 , y)) c Y l k (id ®F(* X (A, x)) c x \ ; . ) m Y *,x*,v x 

(/.tA) A 

= * 2 (A/i, ffy(A/*)(y))(id ®* 2 (A, ct x (A)(x))) m y *,x*,y A 

= * 2 (A, I 2 (A) • ( < T X (A)(x))®ay(AM)(y))). 
The third equality by (|2.4p and the fourth by the naturality of c. Therefore 

/2(A) • (o-x(A)(x))<g>ov(AM)(y) = o x ®y (A)/i(A) • (x®y), 
and this equality implies that i(A) satisfies ()3.6|) . □ 
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Remark 3.20. As a immediate consequence of Theorem 13.191 we note that 
gauge equivalence classes of (usual) twists for Hopf algebras are parameter- 
ized by equivalence classes of pairs (K, V) where 

• K is a semisimple //-simple left //-comodule algebra, 

• R coH = k, and 

• Stabx(F) ~ H* as left //-modules 

If this is the case then K is simple algebra, something expected since the 
category k-M must have only one simple object. 

4. Some examples 

In this section we shall give some examples of dynamical data and we 
compute the corresponding dynamical twist. 

4.1. Case when K = k[A]. 

This example is |EN1} Ex. 6.10] for an arbitrary Hopf algebra. Let 
K = kL4] the group algebra of the group A. Let / : A — > A be a bijection. 
Assume that for all A, fi € A there exists an element g(\, /i) in the normalizer 
N(A) of A such that 

(4.1) (/(A)/(^)~ 1 )(g) = ^X- 1 )(g(X, f i)ag(X, f i)- 1 ) 

for all a E A. Set V\ = k/(A)> then (K, {V\}) is a dynamical datum for 
(H,A). 

Proof. Clearly K is an //-simple left //-comodule algebra, semisimple as 
an algebra with trivial coinvariants. By Proposition 12.41 Stab^^i (V\ , V r ) ~ 
Hom k[j4 ](//,Hom k (VA, V^). Define the map u Xllx : Hom k[A] (H,k fMfW -i) -» 
C(A// _1 ) as follows. If a € Hom^] (i/, ^■f(u)f(X)- 1 )j h £ H then 

Equation (|4.1j) implies that wa,^(Q!) € C^A/U" 1 ). □ 

Now we compute the corresponding dynamical twist associated to (K, {V\}). 
If X € Rep(//),x E AT[^], in this case the maps \& : k/m - ► ^/(A^) 

are 

*(\,x)(f®l) = f(g(\,\n)- 1 -x) 
for all / € X*. Let us compute the corresponding dynamical twist. Let 
[i,r] e A and /i,/ 2 G //*, then #(A, 1(A) (P^® P,,))(/i®/2®1) is equal to 

f l {g(\\^)- 1 l\X)P ri ) h{g(\\^)- 1 l\X)P^). 

On the other hand we have that 

¥(A/z, P„)(id H .®¥(A, P At )(/i®/ 2 <»l) 

is equal to 

/iC^A^-^/aC&CA.Ar/)- 1 ^). 
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Hence 

/_1 ( A ) = ^5(A,A^) 5 (A,A W ) _1 ^^5(A,A7 ? ) 5 (A,A W )- 1 P r ,. 

Thus the dynamical twist in this case is 

J(A) = ^P^(A,A/i- 1 7/)5(A,A//- 1 )- 1 (8)P^(A ) A/x- 1 »7) 5 (A ) A»7- 1 )- 1 . 

4.2. Dynamical twists for the Taft Hopf algebras. In this subsection 
for each c £ k x we construct a dynamical twist for the Taft Hopf algebras. 

Let q be a n-primitive root of 1. Recall that the Taft algebra T{q) is the 
algebra generate by g,x subject to the relations x n = 0,g n = 1, gx = qxg. 
The Hopf algebra structure is determined by 

A(<?) = g®g, A(x) = l<g>x + x®g, e(g) = 1, e(x) = 0, 

s(g) = g' 1 , s(x) = -xg~~ x . 

Let d £ N a divisor of n and set n = dm. For any c £ k denote by 4,(<i, c) 
the algebra generated by /i and y subject to the relations y n = c.l, h d = 1 
and fa/ = g" 1 y/i. 

Define 5 : 4.(d, c) -> T(q)® k A(d, c) by 

<5(/i) = g~ m ®h, 5(y) = g~ l ®y - xg~ l ®\. 

These algebras are left T(q , )-module algebra T(q)-simple. Moreover A(d, c) 
is semisimple if and only if c ^ 0. This algebras were considered in [MS], 
and also in [EOj where they classify indecomposable exact module categories 
over Rep(T(g)). 

Fix c, b £ k x such that b n = c. For i = ... n — 1 let Vi be the one- 
dimensional vector space generated by Vi together with an action of .4.(1, c) 
defined by y ■ V{ = q l bv{. The collection {Vi} is a complete set of represen- 
tatives of isomorphism classes of irreducible modules of .4(1, c). 

We shall prove that (4.(1, c), {V^}) is a dynamical datum over the abelian 
group A =< g > and we compute the corresponding dynamical twist. First 
let us prove the following technical result. 

Lemma 4.1. Let ijCl x . Define £ € T(q) by 

n-l 

(4.2) i = i + Y J ^x l g n -\ 

i=l 

where ai = rj Y\j=i ~j Y ^ or ' = 1 • • • n — x - Then £ is invertible and 

i{g + rjx) = gC 
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Proof. The proof that £(g + rjx) = g£ is done by a straightforward com- 
putation. Is easy to see that (Y^i=i aiX l g n ~ l ) n = 0, this implies that ^ is 
invertible. 

□ 



1 J— n n ~j + l 

_ _i_n-i _.-u 1 TT 1 

(fqlj 11 q j -l 



We shall denote £j = 1 + ^iLi* a * x *5 n *> where a; = ; ^ 

Set Xi the character of the group A determined by Xi{g) = <f ■ So 
C( Xi ) = {a G T(g)* : (a, 5 i) = for all t G T(g)}. 

Denote V^, 4 = 14 for all £ = ... n — 1. 

Proposition 4.2. T/ie collection (.4.(1, c), {V^ < }j = o..,n-i) is a dynamical da- 
tum. 

Proof. Since all representations are one-dimensional we can identify the 
stabilizer Stab^n c )(Vi, V^-) with the set 

£>(i,i) = {a G T(g)* : ^ <a,t) = (a, ( 5 + for all t G 

Indeed by [AMI Lemma 2.8] a®T G Stable) (V^, Vj) if and only if 

(a, T(fc( ) • «i) = (a, i) & • r(uj) 

for all fc G ^4.(1, c),t G T(q). Since T4 are one-dimensional we can assume 
that T(vi) = Vj, and taking k = y we get the result. Now we shall prove 
that there is a T(q)-module isomorphism D(i,j) ~ C(xi-j)- 
Define : £>(i, j) -» C(xi-j) by 

(ui,j(a),t) = (a,£~ l t). 

The maps cjj,- are well-defined, indeed if a G D(i,j) and i G T , (g) then 

(uij(a),gt) = (a,£~V) = {a, {g + — jx)£rH) 
J C q3 J 

= q i - j (a,£J 1 t) = q i -i(uj ijj (a),t). 

The second equality by Lemma HTTl Thus w^a) G C(xi-j). Clearly a;y is 
a T(g)-module isomorphism. □ 

Now we compute the dynamical twist associated to (A(l,c),{V Xi }). Let 
X G Rep(T(g)) and x G -X"[xj], / G X* then 

*(Xi. = w^C/'Kl®^) = (AW v i+3 
= (f,S(&+j) ■ x) v i+j . 

For any i = . . . n — 1 denote P, = P Xi . Let Z, r = . . . n — 1 xuXr G A and 
/i,/2 G T(g)*, then ^{XiJ{Xi){Pr® Pl)){fi®h® t>i) is equal to 

(/l,S(£ i+r+ j)( 2 )I 2 (Xi)^) (/2,5(Ci+ r+ i)(i)/ 1 (Xi)Pr) fi+r+i- 
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On the other hand 
is equal to 

(/l,<5(^ +r+ z)Pi) (f 2 ,S(£ i+r )P r ) v i+r+h 

Hence 

so we deduce that 

J(Xi) = Yl (6-r-l)(l)Cr-l*i® te-r-/)(2)C-r P r- 

Remark 4.3. It would be interesting to prove that for each d divisor of n 
(A(d, c), {Vi d }), where Vf are the irreducible A(d, c)-modules, is a dynamical 
datum. This result would classify all dynamical twists since the categories 
_4(dc)-M are all exact indecomposable module categories over Rep(T(g)), 

[ED]. 
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